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Abstract

The problem of hybrid nanofluid flow squeezed between two parallel plates while

being affected by an magnetic inclination angle field is taken into consideration.

The applied magnetic field inclination angle ranges from 0◦ degrees to 90◦ de-

grees. Additionally considered are viscous dissipation, Joule heating, and the

lower plate stretching velocity with suction or injection. With the help of the

shooting method and a fourth order Runge Kutta scheme, the transformed non-

linear governing equations are numerically solved. It is detailed how the velocity

and temperature are affected by the squeeze number, the magnetic parameter, the

magnetic inclination angle, the lower plate stretching parameter, the lower plate

suction/injection parameter, and the Eckert number, respectively. It is discovered

that the velocity and heat transfer in compressing flows are significantly influenced

by the inclination angle of the applied magnetic field. By changing the magnetic

field’s angle of inclination, it is to roughly determine how a magnetic field strength

affects velocity and temperature.
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Chapter 1

Introduction

When two plates move closer to each other, viscous fluids between the plates ex-

hibit a squeezing motion, which is normal to the plate surfaces. There are various

industrial uses for the squeezing flow, including liquid-metal lubricatedobearings,

foodoprocessing, injection moulding, compression, squeezed films in power trans-

mission, cooling water, etc. Researchers are very interested in the analysis of

velocity and heatotransfer in theosqueezing flow betweenoparallel plates because

of its broad range of practical applications. The first study aboutothe squeezing

flow wasoreported by Stefan [1], when he investigatedothe lubrication system. Ste-

fan’s pioneering research opened up new paths and beneficial perspectives for the

study of squeezing flow. Later on, several expanding investigations on the squeez-

ing flow have been done. Squeezing flow investigation has received much attention

in recent years from a variety of research angles. In 2009, Ran et al. [2] ex-

plored a quasi-steady axisymmetric Newtonian fluidosqueezed betweenotwo paral-

lel plates and used the homotopy analysis method to get an explicit seriesosolution

of theodimensionless velocity. In 2009, heat and mass transfered in the unsteady

squeezing flow between parallel plates examined by Mustafa et al. [3]. Khan et al.

[4] obtained approximate analytical solutions for the squeezing flow ofonanofluid

under the influence of viscous dissipationoand velocity slip.oDomairry et al. [5]

used a Duan-Rach method to discover an approximate analyticalosolution of the

unsteadyosqueezing flow ofoa nanofluid. Hayat et al. [6] investigated the influence

1



Introduction 2

of convective circumstances and chemical reactions on squeezing flow. In 2021,

Ahmad et al. [7] analyzed the impact of velocity, thermal and solutal slips effects

on squeezed fluid transport features.oHayat and Hina [6] discussed the effect on

Williamson fluid flow through mass and heat transfer with exible walls. Ahmad

et al. [8] aimed to theoretically examine the mixed convectionocharacteristics in

theosqueezing flow ofoSutterby fluid inosqueezed channel.

To maintain flow and heat transfer under the application of magnetic field has

important significance for multiple areas of physics, especially nuclear reactors

with MHD generators, geothermal extractions,oplasma studies, aeronautical and

aerodynamic boundary layerocontrol, etc. [9–22]. Recently, researchers have at-

tempted to investigate many elements and methodologies of the transferobehaviors

of conducting fluidobetween squeezing surfacesounder the influenceoof magnetic

fields. The influence of a magnetic field onothe unsteady hydromagneticosqueezing

flow ofoan incompressible two-dimensionaloviscous fluid between twooinfinite par-

allel plates studied by Siddiqui et al. [23]. In the presence of a magnetic field,

the squeezing flow between parallel disks were examined by Domairry et al. [5].

In 2015, Haq et al. [24] investigated the squeezed movement of nanofluid over

a sensor surface using MHD. Under the influence of magnetic fields the flow of

nanofluid squeezed over a porous stretched surface explored by Hayat et al. [6].

A slip analysis on the fluid-solid interface in the MHD squeezing flow of Casson

fluid throughoPorous Medium was presented by Khan et al. [25].

The magnetic fields which are being used in the squeezing flow discussed above

are perpendicularoto the solid surface.oOn the other hand,owe must take into

consideration that inclined magnetic fields might cause fluid flow issues that are

significantly more challenging and widely existent. In 2011, Hayat et al. [6] focused

on the impacts of inclinedomagnetic fields in their investigations of the flowoand

heat transfer properties of Williamson fluid in a channel and nanofluid in an open

cavity, respectively. Rashad et al. [26] investigated the free convectionoflow in

a rectangular cavityoin the presenceoof a uniform angled magnetic field. The re-

search on the squeezing flowosubjected to angled magnetic fieldsoneedsofurther

investigation, according to the survey of relatedoliteratures that weohave found.
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Acharya et al. [27] investigated the squeezing movement of Cu-water and Cu-

kerosene nanofluids flow between two parallel plates. Devi et al. [28] investigated

numerically the hydromagnetic hybrid Cu − Al2O3/water nanofluid flow over a

permeable stretching sheet with suction. In 2020, Waini et al. [29] examined the

squeezing hybrid nanofluid flow over a permeable sensor surface with magneto-

hydrodynamics (MHD) and radiation effects. The Alumina (Al2O3) and Copper

(Cu) are considered as the hybrid nanoparticles and water is the base fluid.

Inspired by theoabove studies, the present investigationointends to exploreothe

flow and heat transferocharacteristics of squeezed hybrid nanofluid flow between

two parallel platesounder the influence of magnetic inclination angle field.oIn this

squeezing flow,othe surface of theolower plate withosuction/injection is stretch-

ingoalong the longitudinalodirection. In addition, the effectsoof viscous dissipation

and Joule heatingoare also taken into account. By solving theoresulting governing

equationsonumerically, the effects of theosqueeze number, the magnetic param-

eter, the magneticoinclination angle, the lower plate stretchingoparameter, the

lower plateosuction/injection parameteroand Eckert number on theolongitudinal

velocity and temperature areoexamined.

1.1 Thesis Contribution

In this thesis, a review study of Su and Yin [30] has been presented and then the

flow analysis has been extended in hybrid nanofluid flow. The Alumina (Al2O3)

and Copper (Cu) are considered as the hybrid nanoparticles and water is the

base fluid. The governing system of nonlinear PDEs is converted into a model of

nonlinear ODEs by using appropriate transformation of similarities. Numerical

results are obtained for the set of nonlinear ODEs by using the shooting technique

with Runge Kutta method of order four (RK4). The influence of various relevant

physical parameters has been discussed using graphs.
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1.2 Thesis Framework

This research work is further classified into four main chapters.

Chapter 2 contains some basic definitions, terminologies and governing equations

of the fluid which are needed for the upcoming chapters.

Chapter 3 contains the review work of Su and Yin [30], the effects of an inclined

magnetic field on the unsteady squeezing flow between parallel plates with suction

or injection. By utilizing similarity transformation we reduce the set of nonlinear

PDEs into a set of nonlinear ODEs and then solve numerically. Numerical results

are obtained for the set of nonlinear ODEs with the help of shooting technique.

Chapter 4 extends the work of Su and Yin [30] by considering hybrid nanofluid

flow between parallel plates. The transformation of similarities has been utilized

for the conversion of PDEs to ODEs. The transformed nonlinear ODEs are then

solved by using the shooting technique that is most common.

Chapter 5 summarizes the research work and gives the main conclusion arising

from the whole study.

All the references used in this thesis are presented in Bibliography.



Chapter 2

Basic Terminologies and

Governinig Equations

In this chapter, some basic laws, concepts, terminologies and definitions are de-

fined. These concepts are necessary for the work presented in the incoming chap-

ters.

2.1 Fluid and its Properties

Scientists across the several fields study fluid dynamics. To study the problems in

fluid dynamics it is indispensable to explain properties of fluids.

Definition 2.1.1 (Fluid)

“A fluid is defined as a substance that deforms continuously when acted on by a

shearing stress of any magnitude. A shearing stress (force per unit area) is created

whenever a tangential force acts on a surface.”[31]

Definition 2.1.2 (Fluid Mechanics)

“Fluid mechanics is defined as science that deals with the behavior of fluids at

rest (fluid statics) or in motion (fluid dynamics), and the interaction of fluids with

5
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solid or other fluids at the boundaries.”[32]

Definition 2.1.3 (Fluid Dynamics)

“The branch of fluid mechanics that covers the properties of the fluid in the state

of progression from one place to another is called fluid dynamics.” [33]

Definition 2.1.4 (Fluid Statics)

“It is the field of physics that involves the study of fluids at rest. These fluids

are not in motion, that means they have achieved a stable equilibrium state, so

fluid statics is largely about understanding these fluid equilibrium conditions.” [33]

Definition 2.1.5 (Pressure)

“The continuous physical force exerted on the unit area of surface is said to be

pressure. It is expressed by P and mathematically, it can be written as,

P =
F

A
,

where F and A denote the applied physical force and area of the surface.”[34]

Definition 2.1.6 (Density)

“Density is defined as the mass per unit volume. that is,

ρ =
m

V
,

where m and V are the mass and volume of the substance, respectively.”[32]

Definition 2.1.7 (Viscosity)

“Viscosity of a fluid is defined as the measure of resistance to steady distortion

by shear/tensile stress. A notation used for viscosity is µ and its mathematical

expression is,

µ =
shear stress

rate of shear strain
,
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where µ is called the coefficient of absolute viscosity/dynamics viscosity or simple

viscosity. The dimension of viscosity is

[
M

LT

]
.”[34]

Water is a thin fluid having low viscosity and on other hand honey is thick fluid

carrying higher viscosity. Usually liquids have non-zero viscosity.

Definition 2.1.8 (Kinematics Viscosity)

“The ratio of dynamic viscosity to density appears frequently. For convenience,

this ratio is given the name kinematic viscosity ν and is expressed as,

ν =
µ

ρ
,

where µ denotes dynamic viscosity and ρ denotes density respectively.”[32]

Definition 2.1.9 (Nanofluid)

“The nanofluid is defined as the homogeneous mixture of the base fluid and

nanoparticles. The nanoparticles used in nanofluids are typically made of met-

als, oxides, copper, carbides or carbon nanotubes.”[34]

2.2 Classification of Fluid

The following are some important types of fluid.

Definition 2.2.1 (Ideal Fluid)

“A fluid which is incompressible and has no viscosity is known as an ideal fluid.”[35]

Definition 2.2.2 (Real Fluid)

“A fluid which possesses viscosity is known as a real fluid. All the fluids in actual

practice are real fluids.”[35]

Definition 2.2.3 (Newtonian Fluid)



Preliminaries 8

“A real fluid in which shear stress is directly proportional to the rate of shear

strain (or velocity gradient) is known as a Newtonian fluid.”[35]

The common examples of Newtonian fluids are air, oxygen gas, alcohol, milk, glyc-

erol and silicone/thin motor oil etc.

Definition 2.2.4 (Non-Newtonian Fluid)

“A real fluid in which the shear stress is not proportional to the rate of shear strain

(or velocity gradient) is known as a Non-Newtonian fluid.”[35]

Examples of Non-Newtonian fluids are toothpaste, ketchup, starch suspensions,

custard, maizena, shampoo, paint and blood etc.

2.3 Types of Fluid Flow

In this section, we discuss some basic types of fluid flow with their examples.

Definition 2.3.1 (Flow)

“It is the deformation of the material under the influence of different forces. If the

deformation increase is continuous without any limit then the process is known as

flow.”[33]

Definition 2.3.2 (Laminar and Turbulent Flow)

“When the fluid partical follows a smooth trajectory, the flow is then said to be

laminar. Further increases in speed may lead to instability that eventually pro-

duces a more random type of flow that is called turbulent.”[36]

Examples of laminar flow are blood flow, aircrafts, rivers/canals etc.

Examples of turbulent flow are blood flow in arteries, oil transport in pipelines,

lava flow etc.

Definition 2.3.3 (Steady and Unsteady Flow)

“A flow is said to be steady flow in which the fluid properties do not change with

time at a specific point. Mathematically, it can be written as,
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∂λ

∂t
= 0,

where λ is any fluid property. A flow is said to be unsteady flow in which fluid

properties change with time. Mathematically, it can be written as,

∂λ

∂t
6= 0.”[33]

Examples of steady flow are pipes, nozzles, diffusers, pumps etc.

Examples of unsteady flow are passage of a flood wave, operation of irrigation and

power canals, tidal effects, junctions, measures to control floods etc.

Definition 2.3.4 (Compressible Flow)

“A flow in which the density variation is not negligible is known as compressible

flow.”[37]

Examples include aerodynamic applications such as flow over a wing or aircraft

nacelle as well as industrial applications such as flow through high-performance

valves.

Definition 2.3.5 (Incompressible Flow)

“A flow in which the density remains constant throughout is known as incompress-

ible.” [37]

Example of incompressible fluid flow is, the stream of water flowing at high speed

from a garden hose pipe.

Definition 2.3.6 (Rotational Flow)

“Rotational flow is that type of flow in which the fluid particles while flowing along

stream-lines, also rotate about their own axis.”[35]

An example is the flow of water in a pipe of constant diameter at constant velocity.

Definition 2.3.7 (Irrotational Flow)

“Irrotational flow is that type of flow in which the fluid particles while flowing
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along stream-lines, do not rotate about their own axis then this type of flow is

called irrotational flow.”[35]

Definition 2.3.8 (External Flow)

“The flow which is not bounded by the solid surface, is known as external flow.”

[38]

The flow of water in the ocean or in the river is an example of the external flow.

Definition 2.3.9 (Internal Flow)

“Fluid flow which is bounded by the solid surface is called internal flow.” [38]

The examples of the internal flow are the flow through pipes or glass.

2.4 Heat Transfer Mechanism and Related Prop-

erties

Heat transfer is a phenomena that convey energy and entropy from one location

to another. The formal definition of heat transfer is provided as follows:

Definition 2.4.1 (Heat Transfer)

“Heat transfer is a branch of engineering that deals with the transfer of thermal

energy from one point to another within a medium or from one medium to another

due to the occurrence of a temperature difference.” [39]

Following are the important modes of heat transfer.

Definition 2.4.2 (Conduction)

“Conduction is the process in which heat is transferred through the material be-

tween the objects that are in physical contact.”[33]

Examples of conduction are, a lizard warming its belly on a hot rock, touching a

hot seatbelt when you get into a car.
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Definition 2.4.2 (Convection)

“Convection is a mechanism in which heat is transferred through fluids (gasses or

liquids) from a hot place to a cool place.”[33]

Examples of convection are, boiling water, air conditioner, body blood circulation,

melting of chilled drinks, refrigerator etc.

Convection is subdivided into the following three types.

Definition 2.4.3 (Forced Convection)

“Forced convection is a process in which fluid motion is produced by an external

source. It is a special type of heat transfer in which fluid moves in order to in-

crease the heat transfer. In other words, a method of heat transfer in which heat

transfer is caused by dependent source like a fan and pump etc, is called forced

convection.”[40]

Examples of forced convection are using water heaters or geysers for instant heat-

ing of water and using a fan on a hot summer day.

Definition 2.4.4 (Natural Convection)

“Natural convection is a heat transport process, in which the heat transfer is not

caused by an external source, like pump, fan and suction. It happens due to the

temperature differences which affect the density of the fluid. It is also called free

convection. ”[40]

The most common examples of the natural convection are:

Sea breeze: This phenomenon occurs during the day. The sun heats up both the

sea surface and land.

Land Breeze: This phenomenon occurs during the night when the situation re-

verses.

Definition 2.4.5 (Mixed Convection)

“A method in which both forced and natural convection processes simultaneously

and significantly involve in the heat transfer is called mixed convection.”[40]
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An example of this is a fan blowing upward on a hot plate.

Definition 2.4.6 (Thermal Radiation)

“The ejection of electromagnetic waves from the matters that have temperature

higher than absolute zero is called thermal radiation.”[34]

For example: Daily weather.

Definition 2.4.7 (Thermal Conductivity)

“Thermal conductivity (κ) is the property of a material related to its ability to

transfer heat. Mathematically,

dQ

dt
= −κA

(
dT

dx

)
,

where A, k,
dQ

dt
,
dT

dx
are the area, thermal conductivity, the rate of heat trans-

fer and the temperature gradient respectively. With the increase of temperature,

thermal conductivity of most liquids decreases except water. The SI unit of ther-

mal conductivity is
Kg.m

s3
and its dimension is

ML

T 3
.” [40]

Definition 2.4.8 (Thermal Diffusivity)

“ The ratio of the unsteady heat conduction κ of a substance to the product of

specific heat capacity Cp and density ρ is called thermal diffusivity.

α =
k

ρCp
.

The unit and dimension of thermal diffusivity in SI system are
m2

s
and [LT−1]

respectively.”[37]

2.5 Dimensionless Numbers

The following dimensionless number will appear in the discussion given in next

chapters.
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Definition 2.5.1 (Skin Friction)

“ Skin friction coefficient represents the value of friction which occurs when fluid

moves across the surface. Mathematically,

Cf =
2τω
ρU2

e

,

where τω is the shear stress at the wall, ρ the density and Ue the free-stream ve-

locity.” [41]

Definition 2.5.2 (Nusselt Number)

“ The hot surface is cooled by a cold fluid stream. The heat from the hot surface,

which is maintained at a constant temperature, is diffused through a boundary

layer and convected away by the cold stream. Mathematically,

Nu =
qL

κ
,

where q stands for convective heat transfer, L for the characteristics length and κ

stands for the thermal conductivity.”[42]

Definition 2.5.3 (Prandtl Number)

“The ratio between the momentum diffusivity ν and thermal diffusivity α is called

Prandtl number. Mathematically, it can be defined as,

Pr =
ν

α
=
µCp
κ
,

where µ represents the dynamic viscosity, Cp denotes the specific heat and κ stands

for thermal conductivity. The relative thickness of thermal and momentum bound-

ary layer is controlled by Prandtl number.”[40]



Preliminaries 14

Definition 2.5.4 (Reynolds Number)

“ It is a dimensionless number which is used to clarify the different flow behaviours

like turbulent or laminar flow. It helps to measure the ratio between inertial force

and the viscous force. Mathematically,

Re =
LU

ν
,

where U denotes the free stream velocity, L the characteristics length. At low

Reynolds number, laminar flow arises where the viscous forces are dominant.

At high Reynolds number, turbulent flow arises where the inertial forces are

dominant.”[40]

Definition 2.5.5 (Eckert Number)

“ It is the proportion of the kinetic energy dissipated in the flow to the thermal

energy conducted into or away from the fluid.”[41]

2.6 Conservation Laws

Several conservation laws such as the law of conservation of mass, energy and

momentum are of great importance for the researchers. These laws are applied

to closed systems and then extended to region in space called controlled volumes.

We now give a brief discussion of some important conservation laws.

Definition 2.6.1 (Conservation of mass)

“ The principle of conservation of mass can be stated as the time rate of change

of mass is fixed volume is equal to the net rate of flow of mass across the surface.

Mathematically, it can be written as:

∂ρ

∂t
+∇. (ρu) = 0,

where t is time, the fluid density is ρ, and the fluid velocity is u.” [39]
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Definition 2.6.2 (Conservation of Momentum)

“ The momentum equation states that the time rate of change of linear momentum

of a given set of particles is equal to the vector sum of all the external forces act-

ing on the particles of the set, provided Newton’s third law of action and reaction

governs the internal forces. Mathematically, it can be written as:

∂

∂t
(ρu) +∇.[(ρu)u] = ∇.T + ρg.”[39]

Definition 2.6.3 (Conservation of Energy)

“The law of conservation of energy states that the time rate of change of the total

energy is equal to the sum of the rate of work done by the applied forces and

change of heat content per unit time.

∂ρ

∂t
+∇.ρu = −∇.q +Q+ φ,

where φ is a dissipation function, q is heat generation parameter and Q is heat

constant.” [39]

2.7 Solution Methodology

Shooting method is used to solve the higher order non-linear ordinary differential

equations. To implement this technique, we first convert the higher order ODEs

to the system of first order ODEs. After that we assume the missing initial con-

ditions and the differential equations are then integrated numerically using the

Runge Kutta method as an initial value problem. The accuracy of the assumed

missing initial condition is then checked by comparing the calculated values of

the dependent variables at the terminal point with their given value there. If the

boundary conditions are not fulfilled up to the required accuracy, with the new

set of initial conditions, then they are modified by Newtons method. The process
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is repeated again until the required accuracy is achieved. To explain the shooting

method, we consider the following general second order boundary value problem.

g′′(x) = f(x, g, g′(x)) (2.1)

along with the boundary conditions:

g(0) = 0, g(Q) = Z. (2.2)

To have a system of first order ODEs, used the notations:

g = g1, g′1 = g2. (2.3)

By using the notations (2.3) in (2.1) and (2.2), we have the following IVP:

g′1 = g2, g1(0) = 0,

g′2 = f(x, g1, g2), g2(0) = h.

 (2.4)

Now, the initial value problem satisfy the boundary condition g1(Q) = Z,

g1(Q, h)− Z = φ(h) = 0. (2.5)

To find an approximate root of (2.5) by the Newton’s method, is written as,

hn+1 = hn −
φ(hn)

(∂φ
∂h

)h=hn
, (2.6)

or

hn+1 = hn −
g1(hn)− Z

∂
∂h

[g1(h)− Z]h=hn
. (2.7)
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To implement the Newton’s method, consider the following notations,

∂g1
∂h

= g3,
∂g2
∂h

= g4. (2.8)

These new notations will give the Newton’s iterative scheme its form,

hn+1 = hn −
g1(h)− Z
g3(h)

. (2.9)

Now, differentiating (2.4) w.r. to h, we get:

g′3 = g4, g3(0) = 0.

g′4 = g3
∂f

∂g1
+ g4

∂f

∂g2
, g4(0) = 1.

 (2.10)

Rewriting the above four first order ODE’s (2.4) and (2.10) together, we have the

following IVP:

g′1 = g2, g1(0) = 0.

g′2 = f(x, g1, g2), g2(0) = h.

g′3 = g4, g3(0) = 0.

g′4 = g3
∂f

∂g1
+ g4

∂f

∂g2
, g4(0) = 1.

Runge Kutta method of order four will be used to numerically solve the above

system as a whole.

the Newton’s technique stopping criteria is set as:

|g1(h)− Z| < ε,

for an arbitrarily small positive value of ε.



Chapter 3

Effect of Inclined Magnetic Field

for Squeezing Flow

3.1 Introduction

In this chapter the detailed analysis of the work presented by Su and Yin [30]

is discussed. The description of the empirical research of inclined magnetic field

effects with suction/injection between parallel plates on the unsteady squeezing

flow is reviewed in this study. By using suitable similarity transformations, the

controlling partial differential equations are converted into ordinary differential

equations. The numerical solution for the differential equations are obtained by

utilizing the shooting technique. Graphs are represented to show the physical sig-

nificance of distinct dimensionless quantities. By varying the values of the different

parameters, we observed the trend of the velocity and temperature distributions.

3.2 Mathematical Modeling

Considering the unsteady squeezing flowoof an incompressible fluidoelectrically

conducted fluid whichois confined between twooinfinite parallel plates. Theoflow

is subjected tooan inclined external magneticofield B. The lower plate channel

18
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is along the x-axis, so it is normal to the y-axis. Consider the time dependent

magnetic field

B = (Bm cos γ,Bm sin γ, 0) ,

in which Bm denotes B0(1 − αt)
−1
2 and γ is the angle of inclination with respect

toox-axis.oThe induced magneticofield is assumed toobe negligible for aosmall

magneticoReynolds number.oThe gap between twooplates

H(t) = l(1− αt) 1
2 ,

changes withothe time t,owhere l is the initialogap between theoplates at the time

t = 0 [6].

Figure 3.1: Geometry configuration of the problem.

The case of α > 0ocorresponds to the squeezingomotion of plates, whereasoα <
1

t
the platesomove apart. Alongothe direction normaloto the xy-plane,othe velocity

and temperatureocan be seen asounchanged.oThe Ohm’s law givesothe form of

theocurrent density vector Jo[43]:

J = σ(V×B) = (0, 0, uBmsinγ, vBmcosγ),

in which σ is theoelectrical conductivity,oand V = (u, v, 0) is theovelocity vec-

tor.oUtilizing the above equation, we obtainothe Lorentz force:

J×B = (σB2
mvsinγcosγ − σB2

musin
2γ, σB2

musinγcosγ − σB2
mvsinγcos

2γ, 0) ,

and the joule heating:

1
σ
J.J = σB2

m (u2sin2γ + v2cos2γ − 2uvsinγcosγ) .

The flow is described in the presence of suction/injection, viscous dissipation and

Joule heating by continuity, momentum and energy equation are as follows:



Inclined magnetic field effect 20

Continuity equation:
∂u

∂x
+
∂v

∂y
= 0. (3.1)

Momentum equation for u-velocity:

∂u

∂t
+u

∂u

∂x
+v

∂u

∂y
=
−1

ρ

∂p

∂x
+
µ

ρ

(
∂2u

∂x2
+
∂2u

∂y2

)
+
σB2

m

ρ
sin γ (v cos γ − u sin γ) . (3.2)

Momentum equation for v-velocity:

∂v

∂t
+u

∂v

∂x
+v

∂v

∂y
=
−1

ρ

∂p

∂y
+
µ

ρ

(
∂2v

∂x2
+
∂2v

∂y2

)
+
σB2

m

ρ
cos γ (u sin γ − v cos γ) . (3.3)

Energy equation:

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
=

κ

ρCp

(
∂2T

∂x2
+
∂2T

∂y2

)
+

µ

ρCp

[
2

(
∂u

∂x

)2

+ 2

(
∂v

∂y

)2

+

(
∂u

∂y
+
∂v

∂x

)2
]

+
σB2

m

ρCp
(u sin γ − v cos γ)2 . (3.4)

Here u and v are the velocityocomponents of the fluidoalong the x and y direction,

respectively. T is the temperature, µ is the total dynamic viscosity, ρ is the density,

Cp is the real heat capacityoof the fluid, and κ is the thermal conductivity of the

fluid.

Boundary conditions executed on lower and upper plates are:

u = us =
bx

1− αt
, v = vc = − v0

(1− αt) 1
2

,

T = T0 at y = 0,

u = 0, v = vH =
dH

dt
= − αl

2(1− αt) 1
2

,

T = TH = T0 +

(
T0

1− αt

)
at y = H(t).


(3.5)

Here, us denotes lower plate stretching velocity, vc represents lower plate mass flux

velocity, vH denotes upper plate velocity, T0 is lower plate surface temperature and

TH denotes upper plate surface temperature.

The following similarity transformations areoused to convertopartial differential
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equations into setoof ordinary differential equations.

u = −x
H(t)

vHf
′(η),

v = vHf(η),

θ(η) =
T − T0
TH − T0

,

η = y
H(t)

,

H(t) = l(1− αt) 1
2 .



(3.6)

3.3 Dimensionless Structure of the Governing

Equations

Substituting (3.6) into the L.H.S of continuity equation (3.1), we get:

∂
[
−x
H(t)

vHf
′ (η)

]
∂x

+
∂ [vHf (η)]

∂y
,

where,

vH =
dH

dt
= − αl

2(1− αt) 1
2

and η =
y

H(t)
,

hence, we obtain,

αl

2(1− αt) 1
2H(t)

f ′(η)− αl

2(1− αt) 1
2H(t)

f ′(η) = 0.

Thus, the continuity equation is satisfied identically.

To convert momentum equations (3.2) and (3.3) into dimensionless form, we will

first eliminate the pressure term. For this purpose, we differentiate (3.2) and (3.3)

w.r.to y and x respectively. The following are some important derivatives, which

will be used to convert (3.2) into the dimensionless form:

u =
−x
H(t)

vHf
′(η) =

−xη
y

(
−αl

2(1− αt) 1
2

)
f ′(η) =

αx

2(1− αt)
f ′(η),

∂u

∂t
=

α2xf ′

2(1− αt)2
+

α2xyf ′′

4l(1− αt) 5
2

,
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• ∂

∂y

(
∂u

∂t

)
=

3α2xf ′′

4l(1− αt) 5
2

+
α2xyf ′′′

4l2(1− αt)3
,

∂u

∂x
=

α

2(1− αt)
f ′(η),

u
∂u

∂x
=

α2xf ′
2

4(1− αt)2
,

• ∂

∂y

(
u
∂u

∂x

)
=

α2xf ′f ′′

2l(1− αt) 5
2

,

∂u

∂y
=

αx

2l(1− αt) 3
2

f ′′(η),

v
∂u

∂y
=
−α2xff ′′

4(1− αt)2
,

• ∂

∂y

(
v
∂u

∂y

)
=
−α2xf ′f ′′

4l(1− αt) 5
2

− α2xff ′′′

4l(1− αt) 5
2

,

∂u

∂x
= 0,

∂2u

∂x2
= 0,

• ∂

∂y

(
∂2u

∂x2

)
= 0,

∂2u

∂y2
=

αx

2l2(1− αt)2
f ′′′(η),

• ∂

∂y

(
∂2u

∂y2

)
=

αxf (iv)

2l3(1− αt) 5
2

,

• ∂

∂y

(
−1

ρ

∂p

∂x

)
= −1

ρ

∂2p

∂x∂y
,

∂2u

∂y2
=

αx

2(1− αt)2
(
ν

l2
)f ′′′,

B2
m = B2

0(1− αt)−1, δ =
H

x
=
l(1− αt)2

x
,

• ∂

∂y

[
σB2

m

ρ
sin γ

(
− αl

2(1− αt) 1
2

f(η) cos γ − αx

2(1− αt)
f ′(η) sin γ

)]

= −σB
2
m

ρ

αf ′

2(1− αt)
sin γ cos γ − σB2

m

ρ

αxf ′′

2l(1− αt) 3
2

sin2 γ.

Using all of the derivatives calculated above in (3.2), we get:

3α2xf ′′

4l(1− αt) 5
2

+
α2xηf ′′′

4l(1− αt) 5
2

+
α2xf ′f ′′

4l(1− αt) 5
2

− α2xff ′′′

4l(1− αt) 5
2

− µ

ρ

αxf iv

2l3(1− αt) 5
2

+
σB2

m

ρ

αf ′

2(1− αt)
sin γ cos γ +

σB2
m

ρ

αxf ′′

2l(1− αt) 3
2

sin2 γ = −1

ρ

∂2p

∂x∂y
. (3.7)
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The following derivatives are necessary, when we differentiate (3.3) w.r.to x,

v = vHf(η) = − αl

2(1− αt) 1
2

f(η),

∂v

∂t
= − α2lf

4(1− α)
3
2

− α2yf ′

4(1− αt)2
,

• ∂

∂x

(
∂v

∂t

)
= 0,

∂v

∂x
= 0,

u
∂v

∂x
= 0,

• ∂

∂x

(
u
∂v

∂x

)
= 0,

∂v

∂y
= − αf ′

2(1− αt)
,

v
∂v

∂y
=

α2lff ′

4(1− αt) 3
2

,

• ∂

∂x

(
v
∂v

∂y

)
= 0,

∂v

∂x
= 0,

∂2v

∂x2
= 0,

• ∂

∂x

(
∂2v

∂x2

)
= 0,

∂2v

∂y2
= − αf ′′

2l(1− αt) 3
2

,

• ∂

∂x

(
∂2v

∂y2

)
= 0,

• ∂

∂x

(
−1

ρ

∂p

∂y

)
= −1

ρ

∂2p

∂x∂y

• ∂

∂x

[
σB2

m

ρ
cos γ

(
αxf ′

2(1− αt)
sin γ +

αlf

2(1− αt) 1
2

cos γ

)]
=
σB2

m

ρ

αf ′ sin γ cos γ

2(1− αt)
.

Using all of the derivatives calculated above in (3.3), we get:

− σB2
m

ρ

αf ′

2(1− αt)
sin γ cos γ = −1

ρ

∂2p

∂x∂y
. (3.8)

For the elimination of pressure term equating (3.7) and (3.8), we get:
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µ

ρ

αxf (iv)

2l3(1− αt) 5
2

− α2xηf ′′′

4l(1− αt) 5
2

− 3α2xf ′′

4l(1− αt) 5
2

− α2xf ′f ′′

4l(1− αt) 5
2

+
α2xff ′′′

4l(1− αt) 5
2

− σB2
m

ρ

αf ′

2(1− αt)
sin γ cos γ − σB2

m

ρ

αxf ′′

2l(1− αt) 3
2

sin2 γ − σB2
m

ρ

αf ′

2(1− αt)
sin γ cos γ = 0.

Dividing the above equation by
ρ

µ

2l3(1− αt) 5
2

αx
, yields,

f (iv) − ρl2αηf ′′′

2µ
− 3ρl2αf ′′

2µ
− ρl2αf ′f ′′

2µ
+
ρl2αff ′′′

2µ
− 2σB2

ml
3(1− αt) 3

2f ′

µx

sin γ cos γ − σB2
ml

2(1− αt)f ′′

µ
sin2 γ = 0,

⇒ f (iv) − ρl2α

2µ
(ηf ′′′ + 3f ′′ + f ′f ′′ − ff ′′′)− σB0l

2

µ

sin γ (sin γf ′′ + 2δ cos γf ′) = 0,

where,

B2
m = B2

0(1− αt)−1, M2 =
σB2

0 l
2

ρν
, S =

αl2

2ν
.

Finally, the dimensionless form of (3.2) and (3.3):

f (iv) − S (ηf ′′′ + 3f ′′ + f ′f ′′ − ff ′′′)−M2 sin γ (sin γf ′′ + 2δ cos γf ′) = 0.

For the conversion of the temperature equation (3.4) into an ordinary differential

equation. The following derivatives are evaluated:

T =θ(η)

(
T0

1− αt

)
+ T0,

∂T

∂t
=

T0αy

2l(1− αt) 5
2

θ′ +
T0α

(1− αt)2
θ,

u
∂T

∂x
=0,

∂T

∂y
=

T0

l(1− αt) 3
2

θ′,

∂2T

∂y2
=

T0
l2(1− αt)2

θ′′, v
∂T

∂y
= − T0α

2(1− αt)2
fθ′,

∂u

∂x
=

αf ′

2(1− αt)
,

∂v

∂y
= − αf ′

2(1− αt)
,

∂u

∂y
=

αxf ′′

2l(1− αt) 3
2

,
∂v

∂x
= 0,

u
∂T

∂x
=0,

∂T

∂y
=

T0

l(1− αt) 3
2

θ′,
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Using the above derivatives into (3.4), to get:

T0αy

2l(1− αt) 5
2

θ′ +
T0α

(1− αt)2
θ − T0α

2(1− αt)2
fθ′ =

κ

ρCp

(
T0

l2(1− αt)2
θ′′
)

+
µ

ρCp(
α2x2f ′′

2

4l2(1− αt)3
+

α2f ′
2

(1− αt)2

)
+

σB2
0

ρCp(1− αt)

(
αxf ′ sin γ

2(1− αt)
+

αlf cos γ

2(1− αt) 1
2

)2

,

⇒ T0αη

2(1− αt)2
θ′ +

T0α

(1− αt)2
θ − T0α

2(1− αt)2
fθ′ =

κ

(ρCp)

(
T0

l2(1− αt)2
θ′′
)

+
µ

(ρCp)

(
α2x2f ′′

2

4l2(1− αt)3
+

α2f ′
2

(1− αt)2

)
+

σB2
0

(ρCp) (1− αt)(
α2x2f ′

2

4(1− αt)2
sin2 γ +

α2l2f 2

4(1− αt)
cos2 γ +

2α2xlff
′

4(1− αt) 3
2

sin γ cos γ

)
,

⇒ T0α

2(1− αt)2
(ηθ′ + 2θ − fθ′) =

1

Cp(1− αt)2
κT0
ρl2

θ′′ +
1

Cp(1− αt)
να2x2

4l2(1− αt)2(
f ′′

2

+ 4δ2f ′
2
)

+
1

Cp(1− αt)
σB2

0

ρ

α2x2

4(1− αt)2
(
f ′

2

sin2 γ + δ2f 2 cos2 γ

+2δff ′ sin γ cos γ) ,

⇒ T0α

2(1− αt)2
(ηθ′ + 2θ − fθ′) =

1

Cp(1− αt)2

[
κT0
ρl2

θ′′ +
να2x2

4l2(1− αt)

(
f ′′

2

+4δ2f ′
2
)

+
σB2

0α
2x2

4ρ(1− αt)

(
f ′

2

sin2 γ + δ2f 2 cos2 γ + 2δff ′ sin γ cos γ
)]

,

⇒ T0α

2
(ηθ′ + 2θ − fθ′) =

ν

Cpl2

[
κT0
ρν

θ′′ +
α2x2

4(1− αt)

(
f ′′

2

+ 4δ2f ′
2
)

+
σB2

0 l
2α2x2

ρν4(1− αt)

(
f ′

2

sin2 γ + δ2f 2 cos2 γ + 2δff ′ sin γ cos γ
)]

,

⇒ T0α

2
(ηθ′ + 2θ − fθ′) =

ν

Cpl2

[
κT0
ρν

θ′′ +
α2x2

4(1− αt)

(
f ′′

2

+ 4δ2f ′
2
)

+M2 α2x2

4(1− αt)

(
f ′

2

sin2 γ + δ2f 2 cos2 γ + 2δff ′ sin γ cos γ
)]

,

⇒ T0α

2
(ηθ′ + 2θ − fθ′) =

ν

Cpl2
α2x2

4(1− αt)

[
4(1− αt)
α2x2

κT0
ρν

θ′′ + f ′′
2

+ 4δ2f ′
2

+M2
(
f ′

2

sin2 γ + δ2f 2 cos2 γ + 2δff ′ sin γ cos γ
)]
,

⇒ 2T0Cpl
2(1− αt)
ναx2

(ηθ′ + 2θ − fθ′) =
4(1− αt)
α2x2

κT0
ρν

θ′′ + f ′′
2

+ 4δ2f ′
2

+M2
(
f ′

2

sin2 γ + δ2f 2 cos2 γ + 2δff ′ sin γ cos γ
)
,

⇒ 2T0Cpl
2(1− αt)
ναx2

(ηθ′ + 2θ − fθ′) =
4(1− αt)
α2x2

κT0
ρν

[
θ′′ +

ρνα2x2

κT04(1− αt)

(
f ′′

2

+4δ2f ′
2
)

+
ρνα2x2

κT04(1− αt)
M2

(
f ′

2

sin2 γ + δ2f 2 cos2 γ + 2δff ′ sin γ cos γ
)]

,
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⇒ µCpαl
2

2νκ
(ηθ′ + 2θ − fθ′) = θ′′ +

ρνα2x2

κT04(1− αt)

(
f ′′

2

+ 4δ2f ′
2
)

+
ρνα2x2

κT04(1− αt)
M2

(
f ′

2

sin2 γ + δ2f 2 cos2 γ + 2δff ′ sin γ cos γ
)
,

⇒ µCpαl
2

2νκ
(ηθ′ + 2θ − fθ′) = θ′′ +

ρνα2x2

κT04(1− αt)

[
f ′′

2

+ 4δ2f ′
2

+M2
(
f ′

2

sin2 γ + δ2f 2 cos2 γ + 2δff ′ sin γ cos γ
)]
,

⇒ θ′′ +
µCpαl

2

2νκ
(fθ′ − ηθ′ − 2θ) +

ρνα2x2

κT04(1− αt)

[
f ′′

2

+ 4δ2f ′
2

+M2
(
f ′

2

sin2 γ + δ2f 2 cos2 γ + 2δff ′ sin γ cos γ
)]

= 0,

where,

Pr =
µCp
κ
, S =

αl2

2ν
,

Ec =
u20

CpR2(TH − T0)
, R =

u0δ

vH
,

u0 =
bx

1− αt
, vH = − αl

2(1− αt) 1
2

,

TH − T0 =
T0

1− αt
, Sb =

2v0
αl
,

µα2x2Cp
4κCpT0

(1− αt) =
µCp
κ

α2x2

4CpT0(1− αt)

=Pr
α2x2u20δ

2

4CpT0(1− αt)R2v2H

=Pr
b2x2

CpT0(1− αt)R2

=Pr
b2x2

Cp(TH − T0)(1− αt)2R2

=
Pr

Cp(TH − T0)R2

b2x2

(1− αt)2

=
Pru

2
0

Cp(TH − T0)R2
= PrEc.

Finally, the dimensionless form of (3.4):

θ′′ + PrS (fθ′ − ηθ′ − 2θ) + PrEc

[
f ′′

2

+ 4δ2f ′
2

+M2
(
f ′

2

sin2 γ + δ2f 2 cos2 γ + 2δff ′ sin γ cos γ
)]

= 0.
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The following procedures have now been taken to transform the corresponding

boundary conditions into the dimensionless form:

• u = us at y = 0,

− x

H(t)
vHf

′(η) = us at η = 0,

f ′(η) =
usH(t)

−xvH
,

f ′(0) =
usδ

vH
,

f ′(0) = R.

• v = − v0

(1− αt) 1
2

at y = 0,

vHf(η) = − v0

(1− αt) 1
2

at η = 0,

f(0) =
2v0
αl
,

f(0) = Sb.

• T = T0 at y = 0,

θ(η)

(
T0

1− αt

)
+ T0 = T0 at η = 0,

θ(0) =

(
T0

1− αt

)
= 0,

θ(0) = 0.

• u = 0 at y = H(t),

− x

H(t)
vHf

′(η) = 0 at η = 1,

f ′(1) = 0.

• v = vH at y = H(t),

vHf(η) = vH at η = 1,

f(1) = 1.

• T = T0 +
T0

1− αt
at y = H(t),

θ(η)

(
T0

1− αt

)
+ T0 = T0 +

T0
1− αt

at η = 1,

θ(1) =

(
T0

1− αt

)
=

T0
1− αt

= 1.
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Hence, we get the following set of ordinary differential equations:

f (iv) − S (ηf ′′′ + 3f ′′ + f ′f ′′ − ff ′′′)−M2 sin γ (sin γf ′′ + 2δ cos γf ′) = 0, (3.9)

θ′′ + PrS (fθ′ − ηθ′ − 2θ) + PrEc

[
f ′′

2

+ 4δ2f ′
2

+M2
(
f ′

2

sin2 γ + δ2f 2 cos2 γ + 2δff ′ sin γ cos γ
)]

= 0, (3.10)

subject to boundary conditions:

f(0) = Sb, f ′(0) = R, θ(0) = 0,

f(1) = 1, f ′(1) = 0, θ(1) = 1,

 (3.11)

whereoS is the squeezingonumber, Pr isothe prandtl number,oM is theomagnetic

parameter, Ec is the Eckert number and R is theolower plate stretchingoparameter.

Theolower plate suction/injection is denoted by Sb with Sb < 0 for injection and

Sb > 0 for suction.

Before going toward the mathematical solution, the skin frictionocoefficient Cf or

the shear stressoand the Nusselt number Nu oroheat transferocoefficient on the

lower plateosurface are represented as:

Cf =
µ
(
∂u
∂y

)
y=H(t)

v2Hρ
,

Nu =
l
(
∂T
∂y

)
y=H(t)

TH − T0
.

The following steps elaborate the conversion of Cf and Nu into dimensionless

form:

Cf = − µxvH
ρv2H l

2(1− αt)
f ′′(η) = − µx

ρvH l2(1− αt)
f ′′(η),

Cf = − µx

ρ

(
−αl

2(1−αt)
1
2

)
l2(1− αt)

f ′′(η),
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Cf = − 2µx

ραl3(1− αt) 1
2

f ′′(η),

f ′′(η) =
ραl3(1− αt) 1

2

µx
Cf , where y = H(t) and η = 1,

f ′′(1) =
ραl3(1− αt) 1

2

νρx
Cf =

αl3(1− αt) 1
2

usx
Rex

x
Cf ,

f ′′(1) =
αl3(1− αt) 1

2

usx2
RexCf ,

f ′′(1) =
αl3(1− αt) 1

2

bx
(1−αt)x

2
RexCf ,

f ′′(1) =
αl3(1− αt) 3

2

bx3
RexCf .

Now,

Nu =
l
(
∂T
∂y

)
y=H(t)

TH − T0
,

Nu =
l

TH − T0
T0

l(1− αt) 3
2

θ′(η),

Nu =
l

(TH − T0)
(TH − T0)(1− αt)

l(1− αt) 3
2

, where TH = T0 +
T0

(1− αt)
θ′(η),

Nu =
(1− αt)

(1− αt) 1
2

θ′(η),

θ′(1) = (1− αt)
1
2Nu, where y = H(t) at η = 1,

θ′(1) =

(
bx

us

) 1
2

Nu,

θ′(1) =
(bx)

1
2(

νRex
x

) 1
2

Nu.

Here Rex represent the local Reynolds number which is used to categorized the

flow pattern.

3.4 Numerical Treatment

This section is dedicated to the implementation of the shooting method to solve

the transformed ODEs (3.9) and (3.10) subject to theoboundary conditions (3.11).

One can easily observe that (3.9) independent of θ, so we will first find the solution
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of (3.9). For this purpose, the following notations are used:

f = g1,

f ′ = g′1 = g2,

f ′′ = g′2 = g3,

f ′′′ = g′3 = g4,

f (iv) = g′4.

Utilizing the above notations, we have the following system of four first order

differential equations:

g′1 = g2; g1(0) = Sb =
2v0
αl
,

g′2 = g3; g2(0) = R =
usδ

vH
,

g′3 = g4; g3(0) = α1,

g′4 = S(3g3 + ηg4 + g2g3 − g1g4)

+M2 sin γ(2δ cos γg2 + sin γg2); g4(0) = α2.


(3.12)

To solve the above system by using Runge Kutta method of order four, two missing

initial conditions are assumed to be α1 and α2, such that:

g1(η, α1, α2)η=1 − 1 = 0,

g2(η, α1, α2)η=1 − 0 = 0.

These non-linear algebraic equations are solved for α1 and α2 by Newton’s method

which has the following iterative scheme:

un+1

vn+1

 =

un
vn

−
 ∂g1∂α1

∂g1
∂α2

∂g2
∂α1

∂g2
∂α2


−1 g1(α1, α2)− 1

g2(α1, α2)− 0

 . (3.13)

To incorporate the above formula, we further need the following derivatives:

∂g1
∂α1

= g5,
∂g2
∂α1

= g6,
∂g3
∂α1

= g7,
∂g4
∂α1

= g8,
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∂g1
∂α2

= g9,
∂g2
∂α2

= g10,
∂g3
∂α2

= g11,
∂g4
∂α2

= g12.

As the result of these notations, the Newton’s iterative scheme gets the form:

un+1

vn+1

 =

un
vn

−
g5 g9

g6 g10

−1 g1(α1, α2)− 1

g2(α1, α2)− 0

 . (3.14)

In order to achieve the numerical solution, we further differentiate the ordinary

differential equation (3.2) w.r.to α1 and α2. Hence, the following system of twelve

first order coupled differential equation is achieved with initial values.

g′1 = g2; g1(0) = Sb =
2v0
αl
,

g′2 = g3; g2(0) = R =
usδ

vH
,

g′3 = g4; g3(0) = α1,

g′4 = S(3g3 + ηg4 + g2g3 − g1g4)

+M2 sin γ(2δ cos γg2 + sin γg2); g4(0) = α2,

g′5 = g6; g5(0) = 0,

g′6 = g7; g6(0) = 0,

g′7 = g8; g7(0) = 1,

g′8 = S(3g7 + ηg8 + g6g3 − g5g4 + g2g7 − g1g8)

+M2 sin γ(2δ cos γg6 + sin γg7); g8(0) = 0,

g′9 = g10; g9(0) = 0,

g′10 = g11; g10(0) = 0,

g′11 = g12; g11(0) = 0,

g′12 = S(3g11 + ηg12 + g10g3 − g9g4 + g2g11 − g1g12)

+M2 sin γ(2δ cos γg10 + sin γg11); g12(0) = 1.

The Runge Kutta method of order four is used to solve the above initial value

problem, where α1 and α2 are unknown initial conditions. The iterative process
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is repeated until the criteria listed below is met:

max [| g1(η, α1, α2)− 1 |, | g2(η, α1, α2) |] < ε,

for an arbitrarily small positive value of ε. Throughout this chapter ε has been

taken as (10)−6.

Since (3.9) and (3.10) are coupled equations. So (3.10) will be solved separately

by incorporating the solution of (3.9). For this purpose let us denote:

θ = Y1, θ′ = Y ′1 = Y2, θ′′ = Y ′2 ,

to get the following first order ODE’s.

Y ′1 = Y2; Y1(0) = 0,

Y ′2 = −
[
PrS (fY2 − ηY2 − 2Y1) + PrEc

{
f ′′

2
+ 4δ2f ′

2

+M2
(
f ′

2
sin2 γ + f 2δ2 cos2 γ + 2δff ′ cos γ sin γ

)}]
; Y2(0) = m.

 (3.15)

The above IVP is solved numerically byoRunge Kutta methodoof order four. In

the above initial value problem, the missing condition m is to be chosen such that:

Y1(η,m)η=1 − 1 = 0. (3.16)

To solve the above algebraic equation (3.16) the Newton’s method is used which

has the following iterative scheme:

mn+1 = mn −
(
∂Y1
∂m

)−1
(Y1(η,m

n)η=1 − 1) .

Further considering the following derivatives:

∂Y1
∂m

= Y3,
∂Y2
∂m

= Y4,

to formulate the following Newton’s iterative scheme:

mn+1 = mn − [Y3(η,m
n)η=1]

−1 (Y1(η,m
n)η=1 − 1) . (3.17)
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Here n is the number of iterations (n = 0, 1, 2, 3, 4, 5, ...).

To incorporate the new derivative Y3 and Y4 system (3.15) is further differentiated

w.r.to m, to get the following IVP:

Y ′1 = Y2; Y1(0) = 0,

Y ′2 = −
[
PrS (fY2 − ηY2 − 2Y1) + PrEc

{
f ′′

2
+ 4δ2f ′

2

+M2
(
f ′

2
sin2 γ + f 2δ2 cos2 γ + 2δff ′ cos γ sin γ

)}]
; Y2(0) = m,

Y ′3 = Y4; Y3(0) = 0,

Y ′4 = −PrS (fY4 − ηY4 − 2Y3) ; Y4(0) = 1.

The Runge Kutta method of order four has been used to solve the IVP consisting

of the above four ODE’s for some suitable choices of m. The missing condition m

is updated by using Newton’s scheme (3.17). If the following criterion is fulfilled

the iterative process is stopped:

|Y1(η,m)− 1| < ε,

for an arbitrarily small positive value of ε.

3.5 Results and Discussion

In this section,othe numerical results are displayed graphically to perceive the

physical properties of flow more transparently. The variation in the velocity and

temperature profiles are represented with graphs by varying the parametersosuch

as the angle of inclination, the magnetic parameter, the squeeze number, the Eck-

ert number and the parameter of theolower plate suction/injection.

Figure 3.2 and Figure 4.2 displays theoimpact of theosqueeze number S on the

velocity f ′(η) and temperature θ(η) respectively. Figure 3.2 shows that the ve-

locity sharing of fluid in theoregions near theoupper orolower plates decreaseodue

to increaseoin the value ofothe squeeze number. Although an opposite trendois

noticed for theovelocity of fluid nearothe central regionoof the plates. Figure 4.2
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indicates that a increase in S causes a decreaseoin fluid temperature between par-

allel plates.

Figure 3.4 and Figure 3.5 demonstrate the velocity and temperature profile of

the fluid with different magnetic parameter values. From Figure 3.4, it is noticed

that at a particular time, arising magnetic parameter causes theofluid velocity

to a very slight increase in regions near to the upper or lower plates, while the

fluid velocity in the central region indicates an obvious decrease. The fluid at

the central area has a higher velocity relative to the fluid near to plates and it

is due to high Lorentz force. The Lorentz force gives a conflict in the motion of

fluid. It is seen from Figure 3.5 thatothe temperature increases withomagnetic

parameter rise. Moreover,othe temperature of theofluid monotonically increases

fromothe lower to the upper plate area while the parameter of the magnetic field

is small. The fluid temperature achieves maximum value for larger magnetic pa-

rameter values not on theoupper plate area but at the central area of the plates.

However, stronger magnetic fields naturally influence the temperature distribution.

This is mostly due toocorresponding changes in jouleoheating and the heatocaused

by the fluidofriction with the incrementoin applied magnetic field.oThe effect of

theofriction forces of fluidois increased by Lorentzoforce in the presenceoof the

magneticofield.oMoreover, the larger frictionoresistances create more heatoin fluid

with magneticofield increasing.

Figure 3.6 and Figure 3.7 represent the velocity and temperature behaviors by

rising the inclination angle ofothe magnetic field applied. Theoangles of magnetic

inclination variesofrom 0 to π/2. Both figures depicts the same behavior for veloc-

ity and temperature profile, when they are compared for various value of magnetic

parameter. Theoinfluence of the inclinationoangle on both fluid temperature and

velocity profile is similar to those of the magnetic parameters.

Figure 3.8 and Figure 3.9 illustrate the impact of stretching parameter on dimen-

sionless velocity of stretching parameter and temperature of the lower surface,

respectively. From Figure 3.8, we conclude that the fluid velocity near the lower

plate rises in order to increasing the value ofothe lower plateostretching function

while the velocity of the fluid nearothe upper plate decreases. Since the parameter
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for lower plate stretching is increasing gradually, the fluid with the maximum ve-

locity does not appear in the central area between the plates,obut at the surface of

theolower plate. Figure 3.9 shows that the increasing lower plate stretchingocauses

the temperature ofofluid near the loweroplate initially decrease andothen increase.

Butothe temperature of fluidonear the upper plateolowers with greater loweroplate

stretching parameter.

Figure 3.10 and Figure 3.11 illustrate the effect of theolower plate suction/in-

jection parameteroon the profiles of the velocity profile and temperature profile,

respectively. Figure 3.10 indicates that with increase in the lower plate injec-

tion/suction parameter, the velocity profile falls. The fluid havingopeak velocity

does not occur in the centraloarea when extending the lower plate for stronger suc-

tionothrough the loweroplate and the velocityoof the fluid monotonicallyodecreases

from theosurface of theolower plate to the upper plate.oTemperature profile de-

crease as the injection/suction parameter increases. It is found that the fluid

having largest temperature appears at the central section within the two plates

but not on the surface of upper plate when the injection/suction parameter Sb

falls.

From Figure 3.12 it can be observed that temperature increasesowith the in-

creaseoin Eckert number. This is due to viscous dissipationoand Joule heating.

The temperature increase significantly between the plates. Figure 3.12 also indi-

cates that the uppermost fluid temperature for the larger Eckert number appears

in the central section of the two plates and for the smaller Eckert number it ap-

pears atothe surface of theoupper plate.

In Figure 3.13 and Figure 3.14 the effects of squeeze numberoand the magnetic in-

clinationoangle on the skinofriction coefficient and theoNusselt number are showed,

where the magnetic inclinationoangle varies from 0oto π/2, respectively. Itocan

be found thatothe Nusselt number isodecreasing function of theomagnetic inclina-

tion angle butoon contrary that theototal value of skinofriction coefficient isoan

rising function. Moreover,othe squeeze number enhancementocauses an increment

inothe total value ofoskin friction coefficientoand Nusselt number tooarise for same

fixedoinclination angle.
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Figure 3.2: Impact of the squeeze number S on the longitudinalovelocity
profile.
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Figure 3.3: Impact of the squeeze number S on the temperature profile.
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Figure 3.4: Impact of the magnetic parameter M on the longitudinal velocity
profile.
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Figure 3.5: Impact of the magnetic parameter M on the temperature profile.
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Figure 3.6: Impact of the magnetic inclination angleoγ on the longitudi-
nalovelocity profile.
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Figure 3.7: Imapct of the magnetic inclination angle γoon the temperature
profile.
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Figure 3.8: Impact of the lower plate stretchingoparameter R on the longitu-
dinalovelocity profile.
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Figure 3.9: Impact of the lower plate stretchingoparameter Roon the temper-
ature profile.
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Figure 3.10: Impact of the lower plate suction/injectionoparameter Sb on the
longitudinalovelocity profile.
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Figure 3.12: Impact of the Eckert Ec on the temperature profile.
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Figure 3.13: Impact of the magnetic inclination angle γ and the squeezing
number S on the skin friction coefficient.
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Chapter 4

Hybrid Nanofluid Flow between

Parallel Plates

4.1 Introduction

This chapter extends the work of Su and Yin [30] by considering inclined magnetic

field effects of unsteady squeezingohybrid nanofluid flow betweenoparallel plates

with suction/injection. The Alumina (Al2O3) and Copper (Cu) are considered as

the hybrid nanoparticles and water is the base fluid. The necessary transforma-

tions are usedoto convert the governingocoupled nonlinear PDEs into ODEs. In

order to solve ODEs, the shooting method is implemented in MATLAB. At the

end of this chapter, the numerical solution for various parameters for the dimen-

sionless velocity and temperature is discussed. The generated numerical findings

are examined using graphs.

4.2 Mathematical modeling

The problem considered in Chapter 3 is extended by using the hybrid nanofluid.

Figure (3.1) shows the geometry of the problem. The flow is described in the

43
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presence of suction/injection, viscous dissipation and Joule heating by continuity,

momentum and energy equation are as follows:

∂u

∂x
+
∂v

∂y
= 0. (4.1)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=
−1

ρhnf

∂p

∂x
+
µhnf
ρhnf

(
∂2u

∂x2
+
∂2u

∂y2

)
+

σhnfB
2
m

ρhnf
sin γ (v cos γ − u sin γ) . (4.2)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
=
−1

ρhnf

∂p

∂y
+
µhnf
ρhnf

(
∂2v

∂x2
+
∂2v

∂y2

)
+

σhnfB
2
m

ρhnf
sin γ (u sin γ − v cos γ) . (4.3)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
=

κhnf
ρCp hnf

(
∂2T

∂x2
+
∂2T

∂y2

)
+

µhnf
ρCp hnf

[
2

(
∂u

∂x

)2

+

2

(
∂v

∂y

)2

+

(
∂u

∂y
+
∂v

∂x

)2
]

+
σhnfB

2
m

ρCp hnf
(u sin γ − v cos γ)2 . (4.4)

The corresponding boundary conditions of lower and upper plates are:

At y = 0,

u = us =
bx

1− αt
, v = vc = − v0

(1− αt) 1
2

,

T = T0.

At y = H(t),

u = 0, u = us =
bx

1− αt
,

v = vH =
dH

dt
= − αl

2(1− αt) 1
2

,

T = TH = T0 +

(
T0

1− αt

)
.



(4.5)

Here, us denotes lower plate stretching velocity, vc represents lower plate mass flux

velocity, vH denotes upper plate velocity, T0 is the lower plate surface temperature

and TH denotes the upper plate surface temperature. The following similarity

transformations are used to convert partial differential equations into set of ordi-

nary differential equations.
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u = −x
H(t)

vHf
′(η),

v = vHf(η),

θ(η) =
T − T0
TH − T0

,

η = y
H(t)

,

H(t) = l(1− αt) 1
2 .



(4.6)

4.3 Dimensionless Structure of the Governing

Equation

Since the continuity equation (4.1) has been verified in Chapter 3.

By following the same steps as before, the momentum equations (4.2) and (4.3)

as well as the energy equation (4.4) have the following dimensionless form.

f (iv) − A1A2S (ηf ′′′ + 3f ′′ + f ′f ′′ − ff ′′′)− A1A3M
2

sin γ (sin γf ′′ + 2δ cos γf ′) = 0, (4.7)

θ′′ +

(
A5

A4

)
PrS (fθ′ − ηθ′ − 2θ) + EcPr

[(
1

A1A4

)(
f ′′

2

+ 4δ2f ′
2
)

+

(
A3

A4

)
M2

(
f ′

2

sin2 γ + δ2f 2 cos2 γ + 2δff ′ sin γ cos γ
)]

= 0, (4.8)

subject to boundary conditions:

f(0) = Sb, f ′(0) = R, θ(0) = 0,

f(1) = 1, f ′(1) = 0, θ(1) = 1,

 (4.9)

where S, Pr, M , Ec and R are the squeezing number, prandtl number, magnetic

parameter, Eckert number and lower plate stretching parameter, respectively. The

lower plate suction and injection is denoted by Sb > 0 and Sb < 0, respectively,
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and A1 =
µf
µhnf

, A2 =
ρhnf
ρf

, A3 =
σhnf
σf

, A4 =
khnf
kf

, A5 =
(ρCp)hnf
(ρCp)f

.

Following correlation are used in the equation to obtain, [44]

A1 = (1− φ1)
2.5(1− φ2)

2.5,

A2 =
(

(1− φ2)
{

(1− φ1) + φ1
ρn1
ρf

}
+ φ2

ρn2
ρf

)
,

A3 =

(
σn2(1+2φ2)+2σf

{
σn1(1+2φ1)+2σf (1−φ1)
σn1(1−φ1)+σf (2+φ1)

}
(1−φ2)

σn2(1−φ2)+σf
{
σn1(1+2φ1)+2σf (1−φ1)
σn1(1−φ1)+σf (2+φ1)

}
(2+φ2)

)(
σn1(1+2φ1)+2σf (1−φ1)
σn1(1−φ1)+σf (2+φ1)

)
,

A4 =
[(

κn2+2κnf−2φ2(κnf−κn2)
κn2+2κnf+φ2(κnf−κn2)

)(
(κn1+2κf )−2φ1(κf−κn1)
(κn1+2κf )+φ1(κf−κn1)

)]
,

A5 =
[
(1− φ2)

{
(1− φ1) + φ1

(ρCp)n1
(ρCp)f

}
+ φ2

(ρCp)n2
(ρCp)f

]
.

Table 4.1: Thermophysical properties of hybrid nanofluid

Thermophysical Properties Hybrid Nanofluid

Density ρhnf = (1− φ2) [(1− φ1)ρf + φ1ρn1] + φ2ρn2

Heat capacity (ρCp)hnf = (1− φ2)

[(1− φ1)(ρCp)f + φ1(ρCp)n1] + φ2(ρCp)n2

Dynamic viscosity µhnf =
µf

(1−φ1)2.5(1−φ2)2.5

Thermal conductivity κhnf =
κn2+2κnf−2φ2(κnf−κn2)
κn2+2κnf+φ2(κnf−κn2)

× (κnf )

where, κnf =
κn1+2κf−2φ1(κf−κn1)
κn1+2κf+φ1(κf−κn1)

× (κf )

Electrical conductivity σhnf =
σn2+2σnf−2φ2(σnf−σn2)
σn2+2σnf+φ2(σnf−σn2)

× (σnf )

where, σnf = 1 +
3

(
σn1
σf
−1

)
φ1

2+
σn1
σf
−
(
σn1
σf
−
)
φ1

× (σf )

Table 4.2: Thermophysical properties of Al2O3, Cu and water

Thermophysical Properties Al2O3 Cu Water

ρ(kg/m3) 3970 8933 997.1

Cp(J/kgK) 765 385 4179

κ(W/mK) 40 400 0.613

σ(S/m) 3.69× 107 5.96× 107 0.05

Prandle number, Pr 6.2
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4.4 Numerical Treatment

This section is dedicated to the implementation of the shooting method to solve

the transformed ODEs (4.7) and (4.8) subject to the boundary conditions (4.9).

One can easily observe that (4.7) is independent of θ, so we will first find the

solution for (4.7). For this purpose, the following notations are used:

f = g1,

f ′ = g′1 = g2,

f ′′ = g′2 = g3,

f ′′′ = g′3 = g4,

f (iv) = g′4.

Utilizing the above notations, we have the following system of four first order

differential equations is obtained,

g′1 = g2; g1(0) = Sb =
2v0
αl
,

g′2 = g3; g2(0) = R =
u◦δ

vH
,

g′3 = g4; g3(0) = α1,

g′4 = A1A2S(3g3 + ηg4 + g2g3 − g1g4)+

A1A3M
2 sin γ(2δ cos γg2 + sin γg2); g4(0) = α2.


(4.10)

To solve the above system by using Runge Kutta method of order four, two missing

initial conditions are assumed to be α1 and α2, such that:

g1(η, α1, α2)η=1 − 1 = 0,

g2(η, α1, α2)η=1 − 0 = 0.

These non-linear algebraic equations are solved for α1 and α2 by Newton’s method

which has the following iterative scheme:
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un+1

vn+1

 =

un
vn

−
 ∂g1∂α1

∂g1
∂α2

∂g2
∂α1

∂g2
∂α2


−1 g1(α1, α2)− 1

g2(α1, α2)− 0

 . (4.11)

To incorporate the above formula, we further need the following derivatives:

∂g1
∂α1

= g5,
∂g2
∂α1

= g6,
∂g3
∂α1

= g7,
∂g4
∂α1

= g8,

∂g1
∂α2

= g9,
∂g2
∂α2

= g10,
∂g3
∂α2

= g11,
∂g4
∂α2

= g12.

As the result of these notations, the Newton’s iterative scheme gets the form:

un+1

vn+1

 =

un
vn

−
g5 g9

g6 g10

−1 g1(α1, α2)− 1

g2(α1, α2)− 0

 . (4.12)

In order to achieve the numerical solution, we further differentiate the ordinary

differential equation (4.2) w.r.to α1 and α2. Hence, the following system of twelve

first order coupled differential equation is achieved with initial values.

g′1 = g2; g1(0) = Sb =
2v0
αl
,

g′2 = g3; g2(0) = R =
usδ

vH
,

g′3 = g4; g3(0) = α1,

g′4 = A1A2S(3g3 + ηg4 + g2g3 − g1g4)

+ A1A3M
2 sin γ(2δ cos γg2 + sin γg2); g4(0) = α2,

g′5 = g6; g5(0) = 0,

g′6 = g7; g6(0) = 0,

g′7 = g8; g7(0) = 1,

g′8 = A1A2S(3g7 + ηg8 + g6g3 − g5g4 + g2g7 − g1g8)

+ A1A3M
2 sin γ(2δ cos γg6 + sin γg7); g8(0) = 0,

g′9 = g10; g9(0) = 0,

g′10 = g11; g10(0) = 0,
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g′11 = g12; g11(0) = 0,

g′12 = A1A2S(3g11 + ηg12 + g10g3 − g9g4 + g2g11 − g1g12)

+ A1A3M
2 sin γ(2δ cos γg10 + sin γg11); g12(0) = 1.

The Runge Kutta method of order four is used to solve the above initial value

problem, where α1 and α2 are unknown initial conditions. The iterative process

is repeated until the criteria listed below is met:

max [| g1(η, α1, α2)− 1 |, | g2(η, α1, α2) |] < ε,

for an arbitrarily small positive value of ε. Throughout this chapter ε has been

taken as (10)−6.

Since (4.9) and (4.10) are coupled equations. So (4.10) will be solved separately

by incorporating the solution of (4.9). For this purpose let us denote:

θ = Y1, θ′ = Y ′1 = Y2, θ′′ = Y ′2 ,

to get the following first order ODEs.

Y ′1 = Y2; Y1(0) = 0,

Y ′2 = −
[(

A5

A4

)
PrS (fY2 − ηY2 − 2Y1) +(

1

A1A4

)
PrEc

{
f ′′

2
+ 4δ2f ′

2
+

(
A3

A4

)
M2

(
f ′

2
sin2 γ

+f 2δ2 cos2 γ + 2δff ′ cos γ sin γ)}] ; Y2(0) = m.


(4.13)

The above IVP is solved numerically byoRunge Kutta methodoof order four. In

the above initial value problem, the missing condition m is to be chosen such that:

Y1(η,m)η=1 − 1 = 0, (4.14)

To solve the above algebraic equation (4.16) the Newton’s method is used which

has the following iterative scheme:
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mn+1 = mn −
(
∂Y1
∂m

)−1
(Y1(η,m

n)η=1 − 1) .

Further considering the following derivatives:

∂Y1
∂m

= Y3,
∂Y2
∂m

= Y4.

to formulate the following Newton’s iterative scheme:

mn+1 = mn − [Y3(η,m
n)η=1]

−1 (Y1(η,m
n)η=1 − 1) . (4.15)

Here n is the number of iterations (n = 0, 1, 2, 3, 4, 5, ...).

To incorporate the new derivative Y3 and Y4 system (4.13) is further differentiated

w.r.to m, to get the following IVP:

Y ′1 = Y2; Y1(0) = 0,

Y ′2 = −
[(

A5

A4

)
PrS (D1Y2 − ηY2 − 2Y1) +

(
1

A1A4

)
PrEc

{
D2

3 + 4δ2

D2
2 +

A3

A4

M2
(
D2 − 2 sin2 γ +D2

1δ
2 cos2 γ + 2δD1D2 cos γ sin γ

)}]
; Y2(0) = m,

Y ′3 = Y4; Y3(0) = 0,

Y ′4 = −
(
A5

A4

)
PrS (D1Y4 − ηY4 − 2Y3) ; Y1(0) = 1.

The Runge Kutta method of order four has been used to solve the IVP consisting

of the above four ODE’s for some suitable choices of m. The missing condition m

is updated by using Newton’s scheme (4.15). If the following criterion is fulfilled

the iterative process is stopped:

|Y1(η,m)− 1| < ε,

for an arbitrarily small positive value of ε. Here ε is taken as 10−10 throughout.
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4.5 Results and Discussion

In this segment of thesis, the influence of various dimensionless parameters on

velocity and temperature profile for the hybrid nanofluid flow have been discussed

and presented through the figures 4.1-4.13. The thermophysical properties of

Cu − Al2O3/water are used. The dimensionless parameters that influenced the

velocity and temperature profile are squeezing number (S), magnetic parameter

(M) , lower plates stretching parameter (R), magnetic inclination angle (γ), Eck-

ert number (Ec), hybrid nanoparticles volume fractions (φ1 and φ2) and lower

plate suction/injection parameter (Sb). The value of φ1 and φ2 have been taken

from [44].

Figure 4.1 demonstrates the distribution of fluid velocity close to the lower or

upper end of plates are decreasing due to rising of the squeeze number, but for

the velocity an opposite effect has been observed close to the centre between the

plates. It is noted from Figure 4.2 that rising the values of the squeezing parameter

causes reduction in the temperature. When the platesomove close to eachoother,

the temperature field will be comparatively high.

Figure 4.3 and 4.4 represent the velocity and temperature profile for the variation

of magnetic parameter. It has been observed in Figure 4.3 that an increase in the

magnetic parameter causes the fluid velocity to increase at both ends (lower and

upper) of the plates, but the fluid velocity near the centre, quite slightly, shows

a noticeable decrease. The fluid in the central regions has larger Lorentz force

than the fluid near the plates. The reason is that the Lorentz force in fluid mo-

tion presents resistance, so it makes velocity slow down close the central region of

plates. Figure 4.4 shows that the fluid temperature rises from the lower to upper

plate surface when the magnetic field parameter rises. For the larger magnetic

value, the fluid temperature increases not only near the upper surface but also in

the centre between the plates. Actually, the strong magnetic field affects the tem-

perature distribution in the regions. Large friction along with a strong magnetic

field generates more heat in fluids.

Velocity and temperature profile have been shown through Figures 4.5 and 4.6 by
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rising value of the magnetic inclination angle. The angle of magnetic inclination

ranges between 0 and π/2. Similar behaviors of velocity and temperature profile

have been obtained from both figures when compared to the corresponding pro-

files of different magnetic parameter values. The angle of magnetic field inclination

γ effects on both the fluid velocity and the temperature are similar toothose of

theomagnetic parameter. Therefore, the transfer of fluid in the squeezing move-

ment in practical applicationsorelated to momentum andoheat control, the affects

generated by changing the strength of the magnetic field can also be obtained by

modifying the angle of magnetic field inclination.

Figure 4.7 and 4.8 show the affect of stretching parameter of the lower plateoon

the velocity and temperature profile. In Figure 4.7 the fluid velocity increases

close to the lower plate as compared to the fluid velocity close to the upper plate.

Furthermore, as the stretching parameter on the lower surface rises, the maximum

value of velocity can be seen in the surface of lower plate. Figure 4.8 reflects that

when we rise the stretching parameter of the lower plate, the fluid temperature

above the lower plate decreases and increases thereafter, when we take the stretch-

ing parameter R > 1.5 the fluid temperature close to the lower plate increases.

Figure 4.9 and 4.10 represent the effects of lower plate suction/injection parame-

ter on the fluid velocity and temperature profile. Figure 4.9 indicates that with

increase in the lower plate injection/suction parameter, the velocity profile falls.

The fluid havingopeak velocity doesonot occur in theocentral area when extending

the lower plate for stronger suction through the lower plate and the velocity of the

fluid monotonicallyodecreases from theosurface of theolower plate toothe upper

plate. Figure 4.10 shows that the temperature profile decrease as the injection/-

suction parameter increases.oIt is found that the fluidohaving largest temperature

appears at the central section within the two plates but not on the surface of upper

plate when the injection/suction parameter Sb falls.

The temperature for different valuesoof Eckert number was shown in Figure 4.11.

A clear temperature rise is observed tooincrease the values ofoEckert number.oThis

increase in the thermalofield is evident because Eckert has directly affects on the

process of heat dissipation, which in turn increases the temperature field between
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the plates. Figure 4.11 also indicates that the maximum fluid temperature occurs

in the centre between the two plates for larger Eckert number, whereas it tends to

be smaller in the upper plate.

Figure 4.12 and 4.13 demonstrate the effects of the squeeze parameter and mag-

netic angle on the coefficient of skin friction and the Nusselt number, where the

magnetic inclination angle ranges among 0◦ to 90◦. The absolute value ofoskin

friction and Nusselt number may be noticed as a decreasing function of the angle

of magnetic inclination. Whereas, for the increasing in squeeze parameter and

keeping the angle of magnetic inclination fixed, the Nusselt number decreases and

skin friction coefficient increases.
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Figure 4.1: Impact of the squeeze number S on the longitudinal velocity
profile.
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Figure 4.2: Impact of the squeeze number S on the temperature profile.
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Figure 4.3: Impact of the magnetic parameter M on the longitudinal velocity
profile.
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Figure 4.4: Impact of the magnetic parameter M on the temperature profile.
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Figure 4.6: Impact of the magnetic inclination angleoγ on the temperature
profile.
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Hybrid nanofluid flow 57

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

(
)

R=0
R=0.5
R=1.0
R=1.5
R=2.0

S=0.5, M=3.0, = /4, =0.1, Sb=0.1,

 Pr=1.0, Ec=0.6, 1=0.1, 2=0.02.       

Figure 4.8: Impact of the lower plate stretchingoparameter R on the temper-
ature profile.
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Figure 4.10: Impact of the lower plate suction/injection parameter Sb on the
temperature profile.
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Figure 4.11: Impact of the Eckert Ec on the temperature profile.
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Figure 4.12: Impact of theomagnetic inclination angle γ andothe squeezing
number S on the skin friction coefficient.
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Figure 4.13: Impact of the magnetic inclination angle γ and the squeeze
number S on the Nusselt number.



Chapter 5

Conclusion

This section will conclude the whole research eventually. Hence this section

presents the precise analysis of an inclinedomagnetic field effects on the squeezed

hybrid nanofluid flow between parallel platesowith suction/injection through the

stretching lower plate. By utilizing similarity transformation we reduced the set

of nonlinear PDEs into a set of nonlinear ODEs and then solved numerically. Nu-

merical results are obtained for the set of nonlinear ODEs by using the well known

shooting technique with Runge Kutta method of order four (RK4). Significance of

the effect of different physicaloparameters under discussionoon the dimensionless

velocity and temperature are describe graphically. The skin friction and the Nus-

selt number for different valueoof the distinctiveogoverning parameters are also

presented graphically. The following key notes are observed.

1. Increasing the value of squeeze parameter (S), the velocity close to the lower

or upper end of plates is decreasing, but the velocity profile decreases at the

centre of the plates and the temperature profile tends to decrease throughout.

2. The magnetic field (M) has a direct relation with the temperature profile

and an inverse with the velocity profile.

3. Increasing the angle of magnetic inclination(γ), the velocity close to the

lower or upper end of plates is decreasing, but an opposite effect has been
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observed close to the centre between the plates. The temperature profile

tends to increase.

4. The lower plate suction/injection parameter (Sb) is an inverse relation with

the velocity and temperature profile.

5. Increasing the value of the Eckert number (Ec), the temperature profile

tends to increase.

6. For the increment of squeeze parameter (S) and the angle of magnetic incli-

nation (γ), the skin friction (Cf∗) increases and the Nusselt number (Nu∗)

decreases. Moreover, both skin friction and Nusselt number are increasing

function of angle of inclination.
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